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As was shown in |quant-ph / 04050281 the state of a tunneling particle can be uniquely presented 
as a coherent superposition of two states to describe alternative sub-processes, transmission and 
reflection. In this paper, on the basis of the stationary wave functions for these sub-processes, we 
give new definitions of the dwell times for transmission and reflection. In the case of rectangular 
potential barriers the dwell times are obtained explicitly. In contrast with the well-known Biittiker's 
dwell-time, our dwell time for transmission increases exponentially, for the under-barrier tunneling, 
with increasing the barrier's width. By our approach the well-known Hartman effect is rather an 
artifact resulted from an improper interpretation of the wave-packet tunneling and experimental 
data, but not a real physical effect accompanying the tunneling phenomenon. 



PACS numbers: 03.65.Ca, 03.65.Xp 

I. INTRODUCTION 

In this paper we continue our study of the temporal 
aspects of tunnehng considered in our approach as a com- 
bined stochastic process to consist from two alternative 
elementary ones, transmission and reflection, evolved co- 
herently. In we have introduced the transmission and 
reflection times provided that a particle is in a localized 
state. These time scales were extracted from the time 
dependence of the average positions of transmitted and 
reflected particles. 

It is evident that this way of timing a particle is 
not applicable in the limiting case, when the particle is 
in some stationary state described by a non-normalized 
wave function. This case is of great importance, since it 
is connected to the scattering of uniform beams of identi- 
cally prepared particles, noninteracting with each other. 
To find a time spent by transmitted and reflected par- 
ticles in the barrier region, in the stationary scattering 
problem, is the main aim of the present paper. 



II. STATIONARY WAVE FUNCTIONS FOR 
TRANSMISSION AND REFLECTION IN THE 
CASE OF RECTANGULAR POTENTIAL 
BARRIERS 

How to obtain the wave functions for transmission and 
reflection, for a given potential and initial wave function, 
is presented in Here we expose both the functions in 
the form to be more suitable for our purpose. 

Let setting the scattering problem be such as in [ij . In 
particular, we will suppose that the rectangular poten- 
tial barrier of height Vq is localized in the interval [a,b]. 
Then the wave functions for transmission, '^tr{x; E), and 
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reflection, ^ref{x;E), can be written for E < Vq a,s fol- 
lows {E is the energy of a particle). 
For X < a 

\T; — Atr ikx . ,t, _ A^ef „ikx , i —ik{x-2a). r-i^ 

for a < X < Xc 

^-tr = sinh(/3) + cosh(/3); 

^-re/ = 4e/Sinh(/3); (2) 

for Xc l£ X < b 

^tr = al. sinh(/?) + cosh(/3); -^iref = 0; (3) 
for X > b 

^-tr = a«ote^'=(^-'^); ^.e/ = 0; (4) 

where d = b — a, Xc — {b + a)/2, /3 = k{x — Xc),k = 
^J^mEjW-, K = ■\/2m(Vb — E)jW-\ m is the mass of a 
particle. Besides, 

^in — ^*out (floMt + ^out) , 

■^iJ — ^out {bout ~ '^out) i 
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In its turn, 



P = fccosh(iy9) — iKsmh((p), 



2\btr 



|2 , \l |2 



- ^2 



^(k^ + fc^)rcosh(2(p), 



Q = K,cosh{ip) + iksinh{ip); ip = —. 



One can easily check that 



^out 



bout _ Q 



and |aoMtp = T, |&otitP = R where T and R are the 
coefScients of transmission and reflection, respectively 
{T + R= 1); Af^ + AYJ = f . Thus, h^. = = hr. 



III. DWELL TIME FOR TRANSMISSION 



-;^{k^ + k^)Tamh{2ip). 



Eventually, we have 



dwell 



[(k^ - k'^) Kd + Klsmh{Kd)]; (7) 



where kq = y/ 2m\Vo\ / fi^ ■ 
Similarly, for E > Vq 



dwell 



2hkK^ 



[ (k^ + fc2) - OkI sin(Kd)] ; (8) 



where k = ^j2m{E — Vq)/^?] 6 ^ 1, if Vq > 0; otherwise, 
e = -1. 



Note, both the stationary wave functions are non- 
normalized and, hence, the standard timing procedure 
becomes usefulness in timing a particle with the well de- 
fined energy. At the same time the properties of these 
wave functions provide another natural way for timing a 
particle in the barrier region. 

Indeed, the density of the probability flux, /fr, for 
'i'tr{x; E) is everywhere constant and equals to ^T. This 
means that the velocity of this flux, vtn can be written 
as 



IV. DWELL TIME FOR REFLECTION 

As is seen, the above time scale for transmission (jSJ 
(though the way of introducing is different) coincides by 
form with the well-known Biittiker's dwell time (see 3]). 
However, unlike the latter, Exp. ISJ describes only trans- 
mitted particles. 

Doing in the spirit of the Biittiker's dwell-time concept, 
we introduce the dwell time for reflection, t^^^^j, as 



Vtr{x) = 



It, 



"^trix-^EW 



Taking into account Exps. O " f^^' '^tr{x; E), we see 
that outside the barrier region vtr = hk/m. In the barrier 
region, the velocity of the flux decreases exponentially 
when it approaches the midpoint Xc- One can easily show 
that \^tr{a;E)\ = \^tr{x;E)\ = VT, but \^tr{xc;E)\ = 

Vt\q\/k. 

Thus, any selected infinitesimal element of the flux 
passes the barrier region for the time t^^^^, where 



dwell 



/ \-^tr{x;E)\^dx. 

^tr J a 



(5) 



One can easily show that 



+ '^^^Re[ial-al)bl]. (6) 



Then, taking into account Exps. - Q), we obtain 



rZiii^J^I l^refix^dx; 

iref . L 



'^ref Ja 



(9) 



where Iref = ^R is the incident probability flux (note, 
the probability flux for 'i>ref{x) itself is zero). 

Considering the expressions for 'ilrefix) one can easily 
show that for E < Vq 



mk smh^Kd) — nd 



dwell 



for E>Vo 



ref 



fiK k'^ + Klsmlr{Kd/2)' 



mk Kd — sin(K(i) 

hn k2 + e^l sin^ {Kd/2)' 



(10) 



(11) 



V. OUR AND BUTTIKER'S CONCEPTS OF 
THE DWELL TIME: COMPARATIVE ANALYSIS 

As was shown in , the phase-time and old dwell-time 
concepts, Tdweii, do not imply the passage to the case of 
a free particle, that is, when n^d 0. At the same time, 
our concept of the asymptotic times for transmission and 
reflection (see 0) ensures this passage. One can easily 
check that the above dwell time for transmission implies 
this passage, too. Note, both the characteristic times are 
nonnegative quantities. 
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Let Tfreeik) be the time spent by a free particle in the 
interval [a,b]: Tfreeik) = Then one can show that 
for barriers, in the Hmit /s — > (kqcZ 7^ 0), we have 



for wells, 



Tfr 



dwell 
Tfree 



sinh(Ko(i) 
Kod 



sin(Ko(i) 



(12) 



(13) 



dweLl 
free 



Thus, not only for fc ^ 0, but also for k — Q, t^^, 
Tfree whcn Ki^d 0. Remind (see 2]), the Tdweii/rfr 
in the latter case. 

Remind, the Biittiker's dwell time for E < Vq read as 
(see i) 



for E>Vo 



Tdwell 



mk 2Kd(K^ — fc^) + Kg sinh(2Kd) 
tiK 4fc2K2 + K;^sinh^(Kd) 

mk 2Kd{K^ + k"^) — Kq sin(2Kd) 
fi-K 4fc2K2 + Ki^sin^(Kd) 



(14) 



(15) 



It is useful to compare formally a new dwell-time scale 
(to describe transmitted and reflected particles sepa- 
rately) with Biittiker's dwell time to describe all particles 
jointly. 

Figs.l and 2 show the i?-dependence of T^w^n/rfree 
and Tdweii/ Tfree for Vq = —0.16^, d — SOnm and Vq — 
Q.leV , d = 15nm, respectively. Figs. 3 and 4 show the 
dependence of Tdweii, '''dwell ^'^'^ T/ree on the barrier's 
width d for Vb = O.ley, E = Q.lleV and Vq = Q.leV, 
E = O.OQeV', respectively. In all cases, m — O.OGTwe 
where me is the mass of an electron. 

As is seen, T'^dweii ^^'^ Tdweii coincide at the points of 
resonance. However, this result is expected. Besides, 
Tdweiii-^T^) is more smooth function than Tdweii{E, d). 
Moreover, except for some neighborhoods of resonant 

points, T^^l,^n > Tdwell- 

Our results show that the most essential difference be- 
tween these time scales takes place for E < Vq (see Figs. 2 
and 4). In particular. Fig. 4 shows that T^j^^n increases 
exponentially when the width of an opaque potential bar- 
rier increases. At the same time TdweiiiE, d) (as well as 
the well-known phase tunneling time and our asymptotic 
times for transmission and reflection) tends, in this case, 
to some constant value. 

As regards t^^{j; (see (fTT)| . (tTT|l 'l. in this limit 



ref 



2mk 



Note also, t. 



ref 
dwell 



0, for wells (Vq < 0), when k 



0. 



However, in the case of resonance, when ngd = tt + 2ri7r, 



VI. SCENARIO OF TUNNELING A PARTICLE 
THROUGH AN OPAQUE RECTANGULAR 
BARRIER 

As is known, the just mentioned property of the phase 
and dwell tomes is excepted to lead to superluminal ve- 
locities of a particle in the barrier region (the well-known 
Hartman effect). However, we see that the behavior of 
'''dwell' contrast to the Biittiker's dwell time, denies 
the existence of the Hartman effect for a particle with 
the well-defined energy. However, from our study it fol- 
lows that this effect does not appear also for a particle 
whose initial state is described by the wave packet of any 
width. Fig. 5 shows the expectation value of the parti- 
cle's position as a function of t. It was calculated for 
the transmitted wave packet providing that a = 200nm, 
b = 2l5nm, Vq = 0.2eV. At t = the (combined) state 
of the particle is described by the Gaussian wave packet 
peaked around a; = 0; its half-width lOnm; the average 
energy of the particle 0.05ey. 

This figure displays explicitly the difference between 
the exact and asymptotic transmission times. While the 
former gives just the (average) time spent by a particle in 
the barrier region, the latter describes, in fact, the (av- 
erage) lag or outstripping of a transmitted particle with 
respect to a free particle whose average velocity equals to 
the asymptotic average velocity of a scattered particle. 

In the case considered (see Fig. 5) the exact transmis- 
sion time equals approximately to 0.155ps, the asymp- 
totic one is of O.Olps, and Tfree ~ 0.025ps. As is seen, 
the dwell time for transmission and exact transmission 
time, both evidence that, though the asymptotic trans- 
mission time is small for this opaque barrier, transmitted 
particles spend much time in the barrier region. 

Note, the possibility of accelerating a particle in the 
region of an opaque potential barrier, to superluminal 
velocities, is doubtful a priori. The point is that the 

average energy of a particle, Htr, is constant for this 
static potential barrier. Thus, for the average kinetic 

{Ktr ) and potential (Vtr) energies of a particle we have, 
for any i. 



Vtr - K. 



0,tr, 



where i^o.tr is the average kinetic energy of transmitted 
particles at i = 0. 

It is evident that Vtr > 0, if Vq > 0. Hence, at the 

stage of scattering, Ktr may only decrease. Of course, 
this fact does not at all mean that the average velocity 
of a particle, at the stage of scattering, cannot be larger 
than its asymptotic value. The point is that 



2m 



2m 



Tdwell ^ oo at fc 



0. 



p is the particle's momentum. Thus, ptr may increase due 
to diminishing the wave-packet's width in the momentum 
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space. Our calculations show that this takes place near 
the barrier region (see Fig. 5). 

Thus, when approaching the left boundary of the bar- 
rier, the particles is accelerated, on the average. As a 
result, it may overcome the potential barrier. When the 
particle enters the barrier region, it almost stops. The 
region of an opaque potential barrier serves as a stor- 
age of particles. Behind the barrier the average velocity 
of particles may first exceed its own asymptotic value. 
However, far from the barrier, when the width of the 
wave packet, in the momentum space, backs to its initial 
(asymptotic) value, the same does the average velocity of 
particles. 

Note, the more is the part of in the average ki- 
netic energy of a particle at t = 0, the larger may be the 
grows of the particle's velocity near the barrier region. 
However, one has to bear in mind that this velocity can- 
not essentially exceed the value, ^/2mVo/m. So that, as 
it follows from our approach, tunneling a particle through 
an opaque potential barrier must not be accompanied by 
the Hartman effect. 



VII. CONCLUSION 

So, in our approach, the state of the whole quantum 
ensemble of tunneling particles is considered as a coher- 
ent superposition of the states of the subensembles of 
transmitted and reflected particles. For a given potential 



and initial state of a particle, there is an unique pair of 
solutions to the one-dimensional Schrodinger equation, 
which describe both the subensembles at all stages of 
tunneling. For each of these subensembles we have in- 
troduced three time scales. Two of them (the exact and 
asymptotic tunneling times) describe a completed scat- 
tering process. The third time scale (the dwell time) 
relates to the stationary tunneling problem. It should 
be stressed that the asymptotic (transmission and reflec- 
tion) times differ from the well-known phase asymptotic 
times. The dwell times for transmission and reflection 
differ from the Biittiker's dwell time. Analysis of tun- 
neling a particle through an opaque rectangular barrier, 
carried out in the framework of our approach, does not 
confirm the existence of the Hartman effect. 

At the end we have to point to some shortcomings 
of the above time concepts. So, the concept of the ex- 
act tunneling times does not give explicit expressions for 
these quantities; besides, it is not suitable for timing a 
particle with the well-defined energy (this becomes more 
evident in the case of the reflection of wide (in x-space) 
wave packets, when the expectation value of the particle's 
position simply does not " enter" the barrier region) . The 
main shortcoming of the dwell-time concept is that it is 
valid only for the stationary scattering process. 

The our next purpose is to present the concept of the 
Larmor times for transmission and reflection. By our 
opinion, this concept is of great importance in solving 
the tunneling time problem. 
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15nm and Vq — O.leV. 



Fig. 3. Tdwell, 'dwe 

and Vo = O.leV 



'''dwell Tfree versus d, for E = Q.lleV 



Figure captions 

Fig. 1. /Tfree and T^dw ell/ '''free VCrSUS i?, for d 

SOnrn and Vq = — O.leT^. 



Fig. 2. Tdwell/ Tfree and T*dwell/'''free VCrSUS E, for d 



Fig. 4. Tdwell, Tdwell ^^d /Tfree vcrsus d, for E = 0.09eV 
and Vo = O.leV. 

Fig. 5. The t-dependence of the average position of trans- 
mitted particles; the initial (full) state vector represents 
the Gaussian wave packet peaked around the point a; = 0, 
its half-width equals to lOnm, the average kinetic parti- 
cle's energy is 0.05eV; a = 200nm, b = 215nm. 
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